Analytic expressions are obtained for the Coulomb and exchange energies in alkali halides, incorporating the correct asymptotic behavior of electron densities. We have also introduced suitable damping factors for the polarizability and van der Waals terms. This allows us to obtain accurate values for the potentials which are found to be conformal.
I. INTRODUCTION
The interionic potentials in alkali halides are important for the understanding of their properties. As such, many attempts have been made to determine these potentials.
A. A brief review
The most commonly used potential for halides is the one due to Rittner! who based on classical arguments, proposed that the interaction energy between the ions A + and B-of an alkali halide is given by (all in atomic units)
E= -l..-l..(a +a b )R-4
R 2 a -C"R -6 -2a a a b R -7 + B(R), (1.1) where R is the separation between the ions, aa and ab are the dipolar polarizabilities of A + and B-, C 6 is the van der Waals coefficient, and B(R) is the Born-Mayer repulsion energy. This expression has been widely used 2 -4 to understand the various properties of the halides. A suitable quantum mechanical framework was provided to the potential by Brumer and Karplus, 5 on the basis of the quantum-mechanical exchange perturbation theory of Murrell and Shaw. 6 The main difficulty in the use of Eq. (1.1) is that the repulsion energy is essentially unknown and requires several parameters which are determined empirically. This results in a serious loss of information. The expression ignores contributions from quadrupolar polarizabilities. Its behavior is incorrect at small R which however is not very important for the separations under consideration. Furthermore the choice of values of a a' a b' and C 6 is open to criticism and can affect the characteristics of the interaction.
B. An outline of our work
The main thrust of our work is towards determining the repulsive term B (r) . This term corresponds to the first order terms in the perturbative expansion of Brumer and Karplus. s The evaluation requires the knowledge of one and two electron densities in the atoms. These densities are determined 7 in terms of ionic susceptibilities X a and X b by imposing certain asymptotic constraints. Using them one is able to evaluate the first order Coulomb and exchange terms for alkali halides.
We point out that the contribution from the quadrupolar term is as important as the van der Waals interaction, more important than the aa a b term, and must be included in a consistent description of the potential. One also notes that the van der Waals constant C 6 commonly used is much too small. We suggest more reliable values. The values of dipolar polarizabilities are updated in view of the work of Wilson and Curtis. 8 We also note that the polarizability and van der Waals forces are damped at intermediate distances.
We deduce simple expressions for these damping factors which improve the accuracy in the representation of these terms.
Using the Coulomb and exchange terms, and damped expressions for the polarizability and van der Waals terms, we obtain suitable expressions for alkali halide potentials. They provide accurate values for the well depths E, equilibrium separations R m , etc. The interaction potentials V(R) = E are found to be conformal (their reduced expressions have the same shape), i.e.,
is a universal function. Several consequences of this result are discussed, in particular, it is noted that (1.3 ) to within 1.5%, for the alkali halides we have considered.
II. PRELIMINARIES
We first give a summary of the quantum mechanical results of Brumer and Karplus 5 for the interaction energy in alkali halides, and then describe a method for obtaining a simple but reliable expression for the electron densities required for evaluating the energy.
A. Perturbative expression for E
Using the quantum-mechanical exchange perturbation theory,6 Brumer and Karplus 5 obtained a perturbative expression for the interaction energy between ions A + and B -. Since exchange terms lead to higher order overlap integrals, they expanded the energy in orders of electron exchange, and obtained the energy in successive orders, 
where R is the separation between the ions, i electrons belong to ion A + and j electrons belong to ion B -, rbj =rj -R, 
with fj being the positions of i electrons with respect to the nucleus of A + and fj being the positions ofj electrons with respect to the nucleus of B-. The separation into parts VI and V 2 is on the basis that if A + is regarded as an inert gas atom with an additional positive charge at the nucleus, and B-is regarded as an inert gas atom with an additional negative charge at the nucleus, then VI is the interaction between the neutral atoms and V 2 fepresents the interaction between the remaining positive or negative charge with the other neutral atom.
B. Electron densities
The evaluation of the interaction energy will require a knowledge of the electron wave functions and densities in the ions. Since the separation between the ions is generally rather large, it is necessary that these wave functions and densities must have the correct asymptotic behavior.
The asymptotic behavior of electron wave functions is given
14)
where qn = Z -N + n, Z is the nuclear charge, N is the number of electrons, EI is the separation energy of the last electron, E2 is the separation energy of the next electron (after the last electron is removed), etc. A reliable electron density should incorporate this behavior of the wave functions. For the alkali ions A +, we find that numerically U j are quite small. We, therefore, propose a density of the form with E I being the second ionization energy of the alkali atom, E2 being the third ionization energy, etc. We further impose the well-known conditions
where Xa is the diamagnetic susceptibility of A +. These conditions imply ( 2.19) (2.20)
We will also need the correlation function for the calculation of exchange effects. The outer electrons in A + are in the 1= 1 state so that for long-range properties we may write
This expression reduces to the correct limit for r = f'.
For the halogen ions B-, U I = -2 but U2' u 3 are numerically quite small. We, therefore, suggest a density of the form 
with EI being the electron affinity for the halogen atom, E2
being the first ionization energy, E3 being the second ionization energy, and E being the average energy of the electrons in the ion. The density must satisfy the conditions
where X b is the diamagnetic susceptibility ofB -. These conditions imply
We impose two additional, plausible, but not rigorous conditions on PB (r). Since j = 2 and j = 3 terms correspond to two successive inner wave functions, we may expect that their contributions to Nb are approximately equal. We, therefore, take
One may also expect that the contributions to X b by the successive electrons will decrease regularly as we go to inner electron wave functions. Taking the contribution of B z term to be the geometric mean of the contributions fromB I and B3 terms, one gets
We use Eqs. (2.27)-(2.30) to obtain 
which reduces to the correct limit for r = r'.
(2.34)
We are now in a position to evaluate the interaction energiesE (nl using the potential in Eq. (2.7), and the densities in Eqs. (2.15), (2.21), (2.22), and (2.34).
III. FIRST ORDER INTERACTION ENERGY
For obtaining the first order interaction energy, it is useful to write the potentials as
(3.5) (3.6) Using the densities in Eqs. (2.15) and (2.22), the penetration energy can be evaluated in a closed form. Keeping the leading term in each of the density terms one gets
B. Exchange energy
The exchange interaction from VI and V 2 can be written as 
IV. HIGHER ORDER TERMS
The higher order corrections are given in terms of multipolar polarizabilities of A + and B -, and van der Waals coefficients.
A. Dipolar potential
The leading contribution to E (2) is from V 2 in Eq. (2.9), and is given by 14 The values of /3 b may be estimated from the approxi-
where Eb is the electron affinity of the halogen atom. In obtaining this result we have used the leading term in Eq.
(2.22) for PB (r) . This result may be expected to be accurate to within about 20% which is the accuracy of a similar relation (factors are different) for /3a/aa.
C. van der Waals potential
The van der Waals coefficient C 6 in Ef)= _C~-6 (4.4 ) has been estimated 2 ,5.15 by using
where Ea is the second ionization energy of the alkali atom and Eb is the electron affinity of the halogen atom. However, this expression is expected to greatly underestimate the correct value. Indeed Varshni and Shukla, 15 following a suggestion of Donath, 16 considered a value which is twice this value. We propose an estimation for C 6 by comparing it with the coefficient for a system of inert gas atoms obtained by transferring a unit charge from A + to B -. The expression for van der Waals coefficients suggests that one may write (4.6) where Ea and Eb are some average energies in the summation over the intermediate states, and G is a constant depending on the electron states. If A + and B -become Nand N', respectively, on transferring a unit charge from A + to B-, one may write
(4.7)
A reasonable assumption that EN' EN" Ea, Eb are proportional to the separation energy of the last electron (note E b is quite small), implies that the ratio is numerically close to one, so that (4.8)
For example, C 6 for K + and Be is approximately equal to C 6 for Ar and Kr. The values predicted by Eq. (4.8) for alkali halides are significantly larger than those predicted by Eq. (4.5) but are fairly close to those suggested by Donath.IS.I6 We will use the values of C 6 given by Eq. (4.8).
D. Third order term
The leading third order term isS
(4.9)
For evaluating this term, the polarizabilities will be taken from Wilson and Curtis. 8
E. Corrections at short distances
The polarizability potentials are terms which represent the correct form of the asymptotic potential. For finite separations they require corrections. 17 Noting that polarizability terms come from an expansion of (IR -rl) -1 which is valid for R > r, the corrections may be incorporated by taking Rdependent polarizabilities, 
a(R) = as(l,R), /3(R) =/3S(2,R),
where S(L,R) = foR p(r)i2 L d 3r / f" p(r)i2 L d 3r .
m=2L+2·-p.
(4.14)
The correction due to this factor is quite small for A + and one may take ( 4.15)
The correction for B -, however, is quite significant. For the B-ions, the main contribution to the density at large distances comes from the first two terms in Eq. (2.22). We therefore take 
V.RESULTS
In this section we collect the different terms in the interaction potential and discuss the consequences.
A. The Interaction potential
The first and second order terms together give us
where the coefficients D j are given in Eq. (3.17), Pj and bj are given in Eqs. (2.23) and (2.24), respectively, and Sb(L,R) are given in Eq. (4.16).
For the choice of X a and X b needed to obtain D j , we note that there are several I8 -24 calculations and some empirical deductions for the susceptibilities. There is a significant variation in the numbers obtained by the different approaches. We generally favor the adjusted Hartree-Fock calculations I9 .
20 where we multiply the calculated susceptibility of the ion by the ratio of the experimental susceptibility to the calculated susceptibility of the corresponding inert gas. There does not appear to be a Hartree-Fock calculation for the susceptibility ofI-, but most ofthe calculations I8 . 2I favor a value of 12.5 in this case. The values we have chosen for the susceptibilities of the various ions from all these considerations are given in Table I . We believe these to be accurate to within about 5%. Table I . Using these the interaction energy can be obtained from the expression in Eq. (5.1).
B. Discussion
The most critical parameters characterizing the potentials are the well-depth E and the separation Rm at minimum potential. Our predicted values for these parameters are given in Tables II and III, ing for the temperature dependence and the zero-point vibrational energy. The agreement between our predicted values and the empirical values is observed to be quite good which encourages us to believe that our general approach is satisfactory .
is a universal function. This has several striking consequences.
The values ofthe interaction energy are given in Tables  II and III for several values of separation distance R. A very striking thing about these energies is that they are essentially conformal, i.e., when expressed in units of the well depth, and as a function of R IR m , they have approximately the same value for the different alkali halides. Thus one has the result that [V(R) 
An important result is that since for large R only the -l/R term dominates, ERm is the same for all alkali halides. Numerically we find that Fig. 1 . It is also approximately the same for the other alkali halides considered. The multipolar expansion requires serious corrections when one goes to smaller separations, as in the case of NaCI, LiCI, etc. Indeed Klemperer et al. 30 show that multipolar description is not satisfactory for the description of lithium halides. We have not considered such systems.
We conclude by noting that our analysis of the Coulomb and exchange terms in terms of densities with the correct asymptotic behavior, leads to a universal scaled potential and to very accurate values of the well depth and equilibrium separation for alkali halides. Our predictions for force constants are larger than the observed values. This may be an indication of the existence of some nonleading terms in the potential whose values are small but whose higher derivatives are significant. It may also be noted that since the higher derivatives of the potential are quite large, the perturbed harmonic oscillator description is not adequate 31 and one may need to carry out a more general analysis to deduce the derivatives of the potential.
